Limit theorems 
on locally compact Abelian groups 

Matyas BarczyIi] Alexander BENDiKOvi and Gyula Pap§ 

Abstract. We prove limit theorems for row sums of a rowwise independent infinitesimal array 
of random variables with values in a locally compact Abelian group. First we give a proof of 
Gaiser's theorem [H Satz 1.3.6], since it does not have an easy access and it is not complete. This 
theorem gives sufficient conditions for convergence of the row sums, but the limit measure can not 
I have a nondegenerate idempotent factor. Then we prove necessary and sufficient conditions for 
I convergence of the row sums, where the limit measure can be also a nondegenerate Haar measure 
\ on a compact subgroup. Finally, we investigate special cases: the torus group, the group of p-adic 
3^ I integers and the p-adic solenoid. 
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1 Introduction 

Let G be a locally compact Abelian Tg-topological group having a countable basis of its 
topology. The main question of limit problems on G can be formulated as follows. Let 



^ ' {Xn^k :n^N,k = l,..., Kn} be an array of rowwise independent random elements with 
^ ■ values in G satisfying the infinitesimality condition 



O 



lim max P(A„,fc eG\U) = 



for all Borel neighbourhoods U of the identity e of G. One searches for conditions on 
the array so that the convergence in distribution 



^ , 2_^Xn,k — ^ A* as n — i> cxD 

to a probability measure fi on G holds. 

Let C{G) denote the set of all possible limits of row sums of rowwise independent 
infinitesimal triangular arrays in G. The following problems arise: 

(PI) How to parametrize the set C{G), i.e., to give a bijection between C{G) and an 
appropriate parameter set V{G); 
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(P2) How to associate suitable quantities g„ to the rows {Xn,k : 1 ^ k ^ Kn}, n G N so 
that 

Xn,k ^ A* Qn — *■ Q, 

k=l 

where q G V{G) corresponds to the hmiting distribution /i, and the convergence 
Qn ^ q is meant in an appropriate sense. 

The problem (PI) has been solved by Parthasarathy (see Chapter IV, Corollary 7.1 in [8] and 
Remark 12.61 in Section [2]). It turns out that any measure fi G C{G) is necessarily weakly 
infinitely divisible. Gaiser [4j gave a partial solution to the problem (P2). His theorem 
(see Section [3]) gives only some sufficient conditions for the convergence ^n,k fJ-, 

which does not include the case where /x has a nondegenerate idempotent factor, i.e., a 
nondegenerate Haar measure on a compact subgroup of G. For a survey of results on limit 
theorems on a general locally compact Abelian topological group see Bingham [2] . 

In this paper we prove necessary and sufficient conditions for some limit theorems to hold 
on general locally compact Abelian groups. Our results complete the results of the paper [1]. 
In our theorems the limit measure can be also a nondegenerate Haar measure on a compact 
subgroup of G. 

We also specify our results considering some classical groups such as the torus group, 
the group of p-adic integers and the p-adic solenoid. Here we apply Gaiser's theorem 
as well. For completeness, we present a proof of this theorem, since Gaiser's dissertation 
does not have an easy access and Gaiser's proof is not complete. Concerning limit problems 
on totally disconnected Abelian topological groups, like the group of p-adic integers, we 
mention Teloken [10]. 



2 Parametrization of weakly infinitely divisible mea- 
sures 

Let N and Z+ denote the sets of positive and of nonnegative integers, respectively. The 
expression "a measure /i on G" means a measure /i on the cr-algebra of Borel subsets of 
G. The Dirac measure at a point x ^ G will be denoted by 6x- 

2.1 Definition. A probability measure fi on G is called weakly infinitely divisible if for 
all n G N there exist a probability measure /i„ on G and an element Xn & G such that 
fi = /i*" * 6x^, where denotes the n-times convolution. The collection of all weakly 

infinitely divisible measures on G will be denoted by 1^{G). 

According to Parthasarathy [8, Chapter IV, Corollary 7.1], C{G) C Xw(G'). Now we 
recall the building blocks of weakly infinitely divisible measures. The main tool for their 
description is the Fourier transform. The character group of G will be denoted by G. For 
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every bounded measure /x on G, let /i : G ^ C be defined by 

Kx) := / Xd/i, X e G. 
Jg 

This function /i is called tlie Fourier transform of /i. Tlie basic properties of the Fourier 
transformation can be found, e.g., in Heyer [HI Theorem 1.3.8, Theorem 1.4.2], in Hewitt 
and Ross [5[ Theorem 23.10] and in Parthasarathy [8[ Chapter IV, Theorem 3.3]. 

If H is a compact subgroup of G then ujh will denote the Haar measure on H 
(considered as a measure on G) normalized by the requirement ujh{H) = 1. The 
normalized Haar measures of compact subgroups of G are the only idempotents in the 
semigroup of probability measures on G (see, e.g., Wendel [HI Theorem 1]). For all 

^ , . I 1 if y(x) = 1 for a\\ X G H, , ^ 

= {n u ■ (2.1) 

1^0 otherwise, 

i.e., cuh = liT-L, where 

:= {xeG: xix) = 1 for all x G H} 

is the annihilator of H. Clearly uh G Iw{G), since uh * ojh = ^h- Sazonov and 
Tutubalin [9] proved that ujh G C{G). 

Obviously 5^ G I^iG) for all a; G G, and one can easily check that 6^ G C{G) for all 
X G G^^'^, where G^^'^ denotes the arc-component of the identity e. 

A quadratic form on G is a nonnegative continuous function ip : G ^ M+ such that 
'0(XiX2) +^(XiX2^) = 2(V^(Xi) +V^(X2)) for all XuX2^G. 

The set of all quadratic forms on G will be denoted by q+(G). For any quadratic form 
ip G q+(G), there exists a unique probability measure 7^ on G determined by 

^^(^) = e-^ix)/^ for all x e G, 

which is a symmetric Gauss measure (see, e.g.. Theorem 5.2.8 in Heyer [6]). Obviously 
7,/, G C{G), since 7^ = 7^"^ for all n G N and 7^/„ (5e as n ^ 00. (Here and in 
the sequel denotes weak convergence of bounded measures on G.) 

For a bounded measure rj on G, the compound Poisson measure e{ri) is the probability 
measure on G defined by 

/ N -v(G) , V*V , V*V*V , \ 
e{ri) := e ''^ > [Se + V + + + ■■■)■ 

The Fourier transform of a compound Poisson measure e(?7) is 

i<v)nx) = exp - 1) M^)^ , xeG. (2.2) 
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Clearly e{T]) G jC{G), since e{ri) = {e{'q/n)y^ for all n G N and e{'q/n) 5e as 
n — *• oo. In order to introduce generalized Poisson measures, we recall the notions of a local 
inner product and a Levy measure. A Borel neighbourhood f/ of e is a Borel subset of 
G for which there exists an open subset U such that e E U <Z U. Let Me denote the 
collection of all Borel neighbourhoods of e. 

2.2 Definition. A continuous function g : G x G ^ M. is called a local inner product for 
G if 

(i) for every compact subset G of G, there exists U G Afe such that 

X{x) = e^^(^'^) for all X G ?7, x e C, 

(ii) for all x E G and Xi X11X2 ^ G, 

^(a;, X1X2) = 9{x, Xi) + 9{x, X2), ^(-a;, x) = -9{x, x), 

(iii) for every compact subset G of G, 

sup sup \g{x, x) \ < 00, lim sup \g{x, x) \ = 0. 

Parthasarathy [8| Chapter IV, Lemma 5.3] proved the existence of a local inner product 
for an arbitrary locally compact Abelian To-topological group having a countable basis of 
its topology. 

2.3 Definition. An extended real- valued measure 17 on G is said to be a Levy measure 
if r]{{e}) = 0, r]{G \ U) < 00 for all U G A^, and /^(l - Rex{x)) dr]{x) < 00 for all 
X G G. The set of all Levy measures on G will be denoted by L(G). 

We note that for all x ^ G there exists U G AC such that 

^^/(a;, x)' ^ 1 - Re x{x) ^ ^g{x, x)', x e U, (2.3) 

thus the requirement f^{l — Rex(a;)) dri{x) < 00 can be replaced by f^g^x, x)^ dri{x) < 00 
for some (and then necessarily for any) local inner product g. 

For a Levy measure 77 G L(G) and for a local inner product (? for G, the generalized 
Poisson measure 7r^_g is the probability measure on G defined by 

^r,,s(x) = expjy {x{x) - 1 - ig{x,x)) dr]{x)^ for all x e G 

(see, e.g.. Chapter IV, Theorem 7.1 in Parthasarathy [8J). Obviously tt^^^ G C{G), since 
TT^^g = TT*"^ g for all G N and vr^/n,s as ^ 00. 
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2.4 Definition. For a bounded measure r] on G and for a local inner product g for G, 
the local mean of rj with respect to 5^ is the uniquely defined element mg{r]) G G given 
by 

X(mg(?7)) = exp |z ^ 51(0;, x) d?7(a;)| for all x e G. 

The existence and uniqueness of a local mean is guaranteed by Pontryagin's duality theorem. 
If rj coincides with the distribution Px of a random element X in G, we will use the 
notation mg(X) instead of mg(Px)- Remark that x(mg(X)) = e*^^'^^''^^ for all x G G. 

Note that for a bounded measure 77 on G with f]{{e}) = we have 77 G L(G) and 

Let 'P(G) be the set of all quadruplets {H,a,4',v)y where H is a compact subgroup 
of G, a G G, V ^ cind rj G L(G). Parthasarathy [H Chapter IV, Corollary 7.1] 

proved the following parametrization for weakly infinitely divisible measures on G. 

2.5 Theorem. (Parthasarathy) Let g be a fixed local inner product for G. If ^ & 
Iw{G) then there exists a quadruplet {H,a,ilj,ri) G V{G) such that 

^ = ujH*Sa*J^*rCn,g. (2.4) 

Conversely, if {H, a, ip, rj) G V{G) then ujh * Sa * jip * Tirt,g £ ^w(G). 

2.6 Remark. In general, this parametrization is not one-to-one (see Parthasarathy [SI 
p. 112, Remark 3]), but the compact subgroup H is uniquely determined in (12.41) by fi 
(more precisely, H is the annihilator of the open subgroup {x G G : /i(x) 7^ 0})- If 
H = {e} then the quadratic form ip in (12. 4p is also uniquely determined by fi. In order to 
obtain one-to-one parametrization one can take equivalence classes of quadruplets related 
to the equivalence relation fa defined by 



3 Gaiser's limit theorem 

For a sequence {X„ : n G N} of random elements in G and for a probability measure n 
on G, notation X„ -^-^ fi means weak convergence Px„ of the distributions Px„ 

of Xn, n G N towards /i. Let C(G), Co(G) and Cq{G) denote the spaces of real-valued 
bounded continuous functions on G, the set of all functions in C(G) vanishing in some 
f/ G AC, and the set of all uniformly continuous functions in Co(G), respectively. Gaiser 
in Satz 1.3.6] proved the following limit theorem. 

3.1 Theorem. (Gaiser) Let g be a fixed local inner product for G. Let {X„ ^ : n G 

N, k = 1, . . . , Kn} be a rowwise independent infinitesimal array of random elements in G. 
Suppose that there exists a quadruplet {{e},a,ip,r]) G V{G) such that 



5 



(i) y^^mg{Xn,k) a as n-^oo, 

k=l 



(ii) V Var5((X„,fc,x) ^/'(x) + / g{.x,xf '^vi.^) as n ^ oo for all x^G, 
k=i 

(lii) y'E/(X„,fc)^ / /dr] as n ^ oo for all feCo{G). 

k=i 



Then 

V 



— > 5a* li,* 1^1^,3 as n—^oo. (3.1) 



fe=i 



3.2 Remark. If either a ^ e or ip ^ ^ or f] ^ then the infinitesimahty of {Xn,k '■ n G 
N, = 1, . . . , Kn} and ([SA]) imply Kn oo. 

3.3 Remark. Condition (i) is equivalent to 

(i') exp < i E5f(X„ jt, x)\^ x{a) as n — »• oo for all x ^ G. 



k=l 



Concerning condition (iii) we mention the following version of the well-known portman- 
teau theorem (for the equivalence of (a) and (c), see Meerschaert and SchefHer [TJ Proposition 
1.2.19] and for the rest, see Barczy and Pap [T]). 

3.4 Theorem. Let {r]n : n G Z+} be a sequence of extended real-valued measures on G 
such that rin{G \U) < oo for all U G Me and for all n G Z+. Then the following 
assertions are equivalent: 

(a) j f drin^ j f driQ as n ^ oo for all feCo{G), 
Jg Jg 

(b) / fdr]n^ / /d?7o as n ^ oo for all f G Q(G), 
JG Jg 

(c) rin{G \U) rio{G \U) as n oo for all U E K with rio{dU) = 0, 

(d) / fdr]n^ / /d?7o as n ^ oo for all feC{G), U E Me with r]o{dU)=0, 
Jg\u Jg\u 

(e) rjn\G\u 'Uo\g\u as n oo for all U E Me with riQ{dU)=0. 

(Here and in the sequel tjIb denotes the restriction of a measure ?7 to a Borel subset 
B of G, considered as a measure on G.) 

3.5 Remark. Due to Theorem 13. 4[ condition (iii) of Theorem 13.11 is equivalent to 
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(ill) ^ P(X„,fc eG\U) ^r]{G\U) as n ^ oo for all U e Me with T]{dU) = 0. 



fe=i 



In order to prove Theorem I3.H first we recall a theorem about convergence of weakly 
infinitely divisible measures without idempotent factors (see Gaiser [H Satz 1.2.1]). 

3.6 Theorem. For each n G Z+, let /i„ G I^{G) he such that (12.41) holds for fin with 
a quadruplet ({e}, a^, ■?/'„, ?7„). If there exists a local inner product g for G such that 



(i) an ^ ttQ as n oo, 
( ^^^) Ig f ^'^ri Icf d'7o as n 



^o(x) + /G5'(a;,x)^d?7o(x) as n 
' oo for all f G Co{G), 



oo for all X ^ G, 



then fir, 



Ho as n — s> oo. 



Proof. It suffices to show finix) V-oix) as n — >• oo for all x ^ G. Let 



h{x, x) ■= X{x) - 1 - igix, x) + 29{x, xf 



for all X E G and all x G G. Then 



/^n(x) = X(an)exp |-- |^?/^„(x) + J g{x,x) d?7„(a;)J + J h{x,x) dr]nix) 

for all n G and all x ^ G. Taking into account assumptions (i) and (ii), it is enough 
to show that 



G 



h{x, x) (^Vnix) — > / h(x, x) dr7o(a;) as n — > oo for all x G G. 



(3.2) 



G 



For each x G G, there exists U G such that x{x) = e*^*^^'^-* for all x G f/. Using the 
inequality 

„,2 |„.|3 

(3.3) 



1 ■ 



^ for all y G 
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we obtain \h{x,x)\ ^ \g{x,x)\^/Q for all x E U. Consequently, for all V E Ne with 

ret/, 



/i(x,x) dr7„(x) - / h{x,x)'^Tlo{x) 

G JG 



where 



lL'\V) ■.= ^J^\g{x,x)\'d{vn + Vo){x), 



h{x,x)drinix) - h{x,x)dr]o{x) 

G\V Jg\V 
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We have 

^n^H^) ^ ^sup / gix,xfd{rin + rio){x). 

xev 

By assumption (ii), 



sup / g{x,x) dT]nix)^ sup (ipnix)+ / 9ix,x) dr]nix)\ < oo. 

nGZ+ Jv n£Z+ \ JG J 

Theorem 8.3 in Hewitt and Ross [5j yields existence of a metric on G compatible 
with the topology of G. The function t ^ ^i^iXx G G : d{x,e) ^ t}) from (0, oo) into 
M is non-increasing, hence the set \t G (0, oo) : r7o({a; G G : e) = t}) > O} of its 
discontinuities is countable. Consequently, for arbitrary e > 0, there exists t > such 
that Fi := {x G G : d{x, e) < t} G A/^, Fi C f/, 77o(5V^i) = and 

sup \g{x,x)\ < 7^ f — .2 A ^ ^ ' 

yevi 2 sup Jy g{x, xY d??„(x) 

thus In^iYi) <e/2. By assumption (iii) and Theorem [3^ Ir?{yi) <£/2 for all sufficiently 
large n, hence we obtain 

h{x,x)drin{x) - / h{x,x)drio{x) <e 

G JG 

for all sufficiently large ra, which implies (13.21) . □ 
The notion of a special local inner product is also needed. 

3.7 Definition. A local inner product g for G is called special if it is uniformly continuous 
in its first variable, i.e., if for all £ > there exists U G Ne such that \g{x, x) ~g{.y^ x) \ < ^ 
for all x,y E G with x — y E U. 

Gaiser [4i Satz 1.1.4] proved the existence of a special local inner product for an arbitrary 
locally compact Abelian To-topological group having a countable basis of its topology. The 
proof goes along the lines of the proof of the existence of a local inner product in Heyer [6l 
Theorem 5.1.10]. 

Proof. (Proof of Theorem }!^. 1\) First we show that it is enough to prove the statement for 
a special local inner product, namely, if the statement is true for some local inner product 
g, then it is true for any local inner product g. Suppose that assumptions (i)-(iii) hold 
for g with a quadruplet {{e} , a, ip , rj) . We show that they hold for g with the quadruplet 
{{e},a + mg^g{ri),ilj,ri), where the element nig g^ri) G G is uniquely determined by 



Ximg^g{r])) = exp Y J (gi^^x) - gix,x))dr]{x)j for all x ^ G. 
(Note that g{-, x) ~ fi'('? x) ^ Co(G) can be checked easily.) Hence we want to prove 



^i') '^mg{Xn,k) ^ a + mg^g{r]) as n ^ oo, 



k=l 
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(ii') ^Yarg{Xn,k,x) ^ i^ix) + / 9{x,xf(iv{x) as n ^ oo for all x G G, 
fe=i -^^ 



(iii') VE/(X„,fe)^ fdrj as n^oo for all / G CqIG). 

Clearly (iii') holds, since it is identical with assumption (iii). 
By assumption (i), in order to prove (i') we have to show 

^ [^^9i^n,k) - ^mg{Xn,k) j Ximg,g{ri)) for all x^G. 

\k=l k=l / 

We have 

\ik=l k=l / k=l'^^ k=l 

= exp |i^E(c/(X„,fc,x) -5'(^n,fc,x))| ^ exp Jj9{x,x) -9{x,x)) (^vi^)^ 

where we applied assumption (iii) with the function g{-,x) ~9{'iX) ^ Co{G). 
By assumption (ii), in order to prove (ii') we have to show 

^Var^(X„,fc,x) - J]^Varg^(X„,fe,x) ^ / {9{x,xf -9{x,xf) (^vi^) 

k=l k=l "^^ 

for all X ^ where 5'(-,x)^ ~ fl'(")X)^ £ Co{G) can be checked easily. We have 
^ V&rg{Xn,k: X) - X] Var g{Xn,k: x) = A - -^n, 

k=l k=l 

where 

A^:=J2^ {9{Xn,k, X? - g{Xn,k, X)') , 
fc=l 

B„ := J2 [{Eg{X^,k,x)Y - {Eg{X^,k,x)Y]- 

k=l 

Applying assumption (iii) with the function g{-,xy ~ 9{'iXV ^ ^o(G), we obtain 

{9ix,xT -9ix,xf)dri{x). 



G 



Moreover, 



-B„ = ^ E(g{Xn^k, X) - 9{Xn,k, X)) E(c/(X„,fc, x) + ^(^n,fe, x)) 



k=i 



implies 

\Bn\^ max Y^{\g{Xn,k,x)\ + \g{.Xn,k,x)\) E |5((X„,fc, x) - S-lXn.fc, 

k=l 

Using assumption (iii) with the function \g{-,x) ~9{.'iX)\ ^ Co(G'), we get 



k=i 



x,x) - 9{x,x)\dr]{x). (3.6) 



Infinitesimahty of {Xn,k '■ n & N, k = 1, . . . , Kn} imphes 



max E \g{Xn^k, x)l for all x ^ G. (3.7) 

1 ^5 fc ^5 Kn ' 



Indeed, 



max E|5((X„,fc, x)| ^ sup|5f(x,x)| + sup|5f(x, x)| ■ max P{Xn,k&G\U) 

l^k^Kn x£U xeG l^k^K„ 

for all U G A/'e and for all x ^ and (iii) of Definition 12.21 implies sup^-g^; \g{x,x)\ ~^ 
as f/ {e}. Clearly fl3.6p and 03.71) imply _B„ — 0, hence, by fl3.5p . we obtain 03.41) . 

We conclude that assumptions (i)-(iii) hold for g with the quadruplet ({e},a + 
mg^g{vi),ip,vi). Since we supposed that the statement is true for g, we get 

Kn 

V 



k=l 



Hence 

K, 



Ex \^^Xn,kj ^ x{a + mg,g{r])) exp l^~^p{x) + J {xi^) - I - igix,x)) dijix)"^ 
= X(a)exp |-^^(x) + / {x{x) - l-ig{x,x))dr]{x) 



for all X G G, which implies 

Kn 



k=l 



Thus we may suppose that g is a special local inner product. Let Yn^k '■= Xn,k—fng{Xn,k) 
for all n G N, k = 1, . . . , Kn- We show that {Yn^k '■ n G N, k = 1, . . . , Kn} is an 
infinitesimal array of rowwise independent random elements in G, and 

Kn 

(i") ^mg{Yn,k) ^ e as n ^ oo, 

k=l 
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ii") y2E{g(Yn,k,xf) i'ix) + / 9{x,xfdr]{x) as n ^ oo for all x ^ G, 

Jg 



k=l 



(iii") 5^E/(y;,fc)^ fdv e^s n^oo for all / G Co(G). 
Infinitesimality of {Fn,fc : n G N, A; = 1, . . . , Kn} is equivalent to 



max \EY(Ynk) — 1| ^ for all y G G. 



(3i 



We have 

\Ex{Y^,k)-l\ 



x(mg(X„,fe)) 



aiE3(X„,fc,x) 



= |Ex(X„,fc) -e''^^(^".-^)| < |Ex(X„,fc) - 1| + |e^E3(x„,„x) _ i| 
Infinitesimality of {X„ ^ :nGN, A; = l,..., implies 



max \E-y(Xnk) — 1| ^ for all y E G. 



(3.9) 



Infinitesimality of {Xn,k : n E N, k = 1, . . . , Kn} implies (13 .yp as well, hence using the 
inequality |e*^ — 1| ^ \y\ for all ?/ G M, we get 

max |e^^^'(^".'='^) - ll ^ for all y G G, 

and we obtain (13.81) . 

For (i"), it is enough to show 



Y,^g{Yn,k,x)^0 for all x ^ G. 



k=l 



Let X ^ G he fixed. Infinitesimality of {Xn^k ■ n G N, k = I, . . . , Kn} implies that for 
all V G A/'e and for all sufficiently large n we have rrig^Xn^) G V" for k = 1, . . . , Kn- 
Consequently, using (13.71) as well, we conclude that for all sufficiently large n we have 



g{mg{Xn,k),x) =E5((X„,fc,x) 



for = 1, 



,Kn. 



(3.10) 



Infinitesimality of {Xn^k : n E N, k = 1, . . . , Kn} and properties of the local inner product 
g imply also the existence of U E Afe such that rj{dU) = and 



g(x -mg{Xn,k),x) - 9{x,x) = -g{mg{Xn,k),x) foixeU, k = l,...,Kn (3.11) 
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for all sufficiently large n (see Parthasarathy [H page 91]). Consequently, for all sufficiently 
large n, we obtain 



k=l 



^ E (g{Yn,k, x) - 9{Xn,k, x) + g{mg{Xn,k), x)) lG\u{Xn,k 

k=l 

( max sup\g{x -mg{Xn,k),x) - 9{x,x)\) y^P{Xn,k & G\U) 
+ niax |(7K(X„,fc),x)| 5^P(X„,fcGG\t/)^0. 



fc=l 



Indeed, 



max sup [(^(x — mc,(X„^fc), x) — (7(3;, x)| ^ as n — cxd, (3-12) 

since g is uniformly continuous in its ffist variable and for all V G Me and for all sufficiently 
large n we have mg{Xn^k) G ^ for = 1, . . . , i^^. Moreover, (13.71) and (I3.10p imply 

max |5((mg(X„,fc),x)l as n ^ 00, (3.13) 
and assumption (iii) implies 



sup 



5^P(X„,fcGG\f/)<oo. (3.14) 



To prove (ii"), we have to show 

(e (^7(V;,fe, X)') - Var (?(X„,fc, x)) ^ for all x e G. 

fc=i 

Consider again a neighbourhood f/ G such that r]{dU) = and (13. lip holds for all 
sufficiently large n. We have 

E {g(Yn,k, xf) - Var 5((X„,fc, x) = Cn,k + -D„,a:, 

where 

Cn,k := E ((7(F„,fc, x)' - 9{Xn,k, X?) lu{Xn,k) + {Eg{Xn,k, x))', 

Dn^k ■■= E (^g{YnM, XY - 9{Xn,k, X)^) lG\C7(^n,fe). 

For all sufficiently large n we have (I3.10p . hence 

Cn,k = E (^(5f(X„,fc,x) - g{mg{Xn,k),x)Y ^ 5'(^n,fc, x)^) li/(^n,fc) + (E5((X„,fc,x))^ 
= g{mg{Xn,k), xY P{Xn,k eU) - 2g{mg{Xn,k), x) E (fi'(X„,fc, x)li/(^n,fe)) 
+ {Eg{Xn,k,x)Y 

= 2E(7(X„,,,x)E((7(X„,fe,x)lGw(X„,fc)) - {E g{X^,k, x)Y P{X^,k eG\U). 
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Consequently, again by fl3.10p . 

\Cn,k\<PiXn,k eG\U) (2\Eg{Xn,k,x)\ snp\g{x,x)\ + \E g{Xn,k,x)A ■ (3.15) 
Moreover, 

thus 

l^n^fcl < 2P(X„.fe G G \ [/) sup |5((a;,x)| max sup ^(x - mg(X„,fc), x) - fi'(a^, (3-16) 

Now fl37[5D and ([316]), using fl312|) . fl3l3D and fl3lD . imply (ii"). 
To prove (iii"), it is enough to show 

J2 E f{Yn,k) - Yl E /(^n,fc) ^ (3.17) 

k=l k=l 

for all feQ{G) (see Theorem [331). Choose VeK such that f{x) = for all xeV. 
Then choose U E Ne such that U — U d V, where U — U := {x — y : x,y E U}. 
Infinitesimality of {X„ ^ : n G N, /c = 1,..., Kn\ implies that for all sufficiently large 
n we have mg{Xn,k) ^ U for k = l,...,Kn, hence f{Yn,k) - f{Xn,k) = {f(Xn,k) - 
f{Xn,k)) lG\uiXn^k)- Consequently, 



^E/(y„,,)-5^E/(X„„ 



^ sup\f{x-mg{Xr,,k))-f{x)\ 5^P(X„,, gG\[/), 



x€G 



k=l k=l 

and uniform continuity of / and fl3.14p imply fl3.17|) . 
Now consider the shifted compound Poisson measures 



k=l 



Vn := e 



^ k = l ^ 



Clearly G T^{G) such that (12. 4p holds for z/„ with the quadruplet 

K„ K„ \ 

{e}, ^mgiXn^k) + Ymg{Yn,k), 0, ^ Py„,, J • 
^ fe=i fc=i fc=i / 

By Theorem 13.61 using (i) and (i")-(iii"), we obtain 

W r- 

Applying a theorem about the accompanying Poisson array due to Parthasarathy [H[ Chapter 
IV, Theorem 5.11, we conclude the statement. □ 
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4 Limit theorems for symmetric arrays 



The following theorem is an easy consequence of Theorem 13.11 

4.1 Theorem. (CLT for symmetric array) Let g be a fixed local inner product for G. 
Let {Xn,k : n G N, A; = 1, . . . , Kn} be a rowwise independent array of random elements in 
G such that Xn^k = —Xn^k for all n G N, k = 1, . . . ,Kn- Suppose that there exists a 
quadratic form ip on G such that 

(^) ^^^'^ai.Xn^k.x) ^(x) as n-> oo for all x^G, 

k=l 

(ii) ^ P(X„,fc G G \ t/) as n^oo for all U E K- 

k=l 

Then the array {Xn,k '■ n E N, k = 1, . . . , Kn} is infinitesimal and 

Xn,k — ^ 7v as n ^ oo. 

k=l 

The next theorem gives necessary and sufficient conditions in case of a rowwise indepen- 
dent and identically distributed (i.i.d.) symmetric array. It turns out that in this special 
case conditions of Theorem 14. II are not only sufficient but necessary as well. If G is compact 
then the limit measure can be the normalized Haar measure on G. 

4.2 Theorem. (Limit theorem for rowwise i.i.d. symmetric array) Let {X„ ^ : n G 

N, k = 1, . . . , Kn} be an infinitesimal, rowwise i.i.d. array of random elements in G such 

v 

that Kn — > oo and Xn.k = —Xn,k for all n E N, k = 1, . . . , Kn. 

If g is a local inner product for G and ip is a quadratic form on G, then the 
following statements are equivalent: 

Kn 

(i) ^X„,fc — > 7^ as n^oo, 

k=l 

(ii) Kn{l - ReEx(X„,i)) as n ^ oo for all x e G, 

(Hi) KnVai g{Xn,i,x) as n ^ oo for all x ^ G and i^'„P(X„_i E G \ U) ^ 

as n oo for all U E Ne- 

If G is compact then 

Kn 

Y,Xn,k^ujG ^ fr„(l-ReEx(X„,i)) ^oo for all 

k=l 
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For the proof of Theorem 14.21 we need the following simple observation. 



4.3 Lemma. Let {an : n eN} be a sequence of real numbers such that —n for all 

sufficiently large n, and let a G M U { — oo, oo}. Then 



IH ^ e <^==^ an a, 

n / 

where e~°° := and e°° := oo. 

Proof. If ^ « G M then a„/n 0, hence L'Hospital's rule gives 

log 



Oln 
1 + — 

n 



log (1 + an/n) 
an/n 



If — s> — oo then we choose uq E 'H such that a„ ^ — n for all n^uo, hence 
1 + an/n ^ for all n ^ no, implying liminf(l + an/n)"" ^ 0. For each M G M there 

n— »oo 

exists riM G N such that a„ ^ M for all n^nu- Then (1 + ^ (1 + M/n)" for 

all ^ max(no, njv/), which implies 

lim sup ( 1 H 1 ^ lim sup I 1 H j = e . 

Since M is arbitrary, we obtain limsup(l + a„/?T,)" ^ 0, and finally lim (1 + an/n)" = 0. 
The case of a„ — oo can be handled similarly. 

If (1 + an/n)"- — > e" and a„ a then there exist subsequences (n') and (n") 
and a', a" G M U {—00,00} with a' 7^ a" such that — a' and — > a". Then 
(1 + an'/n')^' — > e"' and (1 + an"/n")"'" e"" lead to a contradiction. □ 

Proof. (Proof of Theorem \4-S^ (i) <^==^ (ii). Statement (i) is equivalent to 

%ix) for all X e G. (4.1) 



^ k=i ' 



We have %{x) = e-^^^)/^. Clearly X„,fc = -Xn,k implies Ex(X,,fc) = ReEx(X„,fc), 
hence 

Ex(|:x...) ^ (ReE,(X„,,)- ^ (1 . ^■4ReEx(X„,)-l) y" ,,,, 

Infinitesimality of {Xn,k : n E N, k = 1, . . . ,Kn} implies Ex(X„_i) — * 1 (see (13. 8p ). thus 
ReEx(X„_i) — 1^—1 for all sufficiently large n E N. Hence by Kn 00 and by Lemma 
14.31 we conclude that (14. ip and (ii) are equivalent. 

(ii) =^ (iii). We have already proved that (ii) implies (i), hence, by Theorem 5.4.2 in 
Heyer [gj, (ii) implies is:„P(X„,i eG\U) ^0 for all U E K- Clearly Xn,k = -Xn,k 
implies E g{Xn,k,x) = thus Var (yf(X„ 1, x) = E ((7(X„^i, x)^). Consequently, it is enough 
to show 

Kn (^ReEx(X„,i) - 1 + {giXn,i, xf)^ ^ for all x^G. (4.3) 
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For X G G, choose U E Me such that xi.^) = e*^*^^'^) and (12. 3p hold for all x E U. Then 
Kn (^Re Ex(X„,i) - 1 + {g{Xn,u x)')) = An + B^, 



where 



An := ii-^ReE (^e'3ix„.,x) _ i _ ,^(x„,i, x) + ^g{Xn,i,x?^ lu{Xn,i] 

Bn := K„ReE (^X(^n,l) - 1 + ^giXn,l,xf^ lG\uiXn,l). 

By formulas fl3.3p and fl2.3p we get 

M 1^ V rir ^|3, ,,^ 4(K„(l-ReEx(X„,i)))^/^ 

hence Kn — > oo and assumption (ii) yield An ^ 0. Moreover, 

\Bn\ < (2 + 1 sup g{x, xY] P(X„,i eG\U)^0, 



2 



a;GG 



thus we obtain f l4.3p . 

(iii) =^ (i) follows from Theorem 14.11 
Convergence J2k=i -^ri,k — ^ is equivalent to 



ExfYl^^A^'^Gix) forall xeG. 
^ k=i ' 



(4.4) 



Using (14. 2p . (12. ip and Lemma IT3| one can easily show that (14. 4p holds if and only if -ft'„(l — 
ReEx(X„,i)) ^00 for all x^G\{1g\. □ 

The next statement is a special case of Theorem 14.21 

4.4 Theorem. (Limit theorem for rowwise i.i.d. Rademacher array) Let x„ G G, 

n G N sMc/i t/ia^ x„ e. Let {X„ : n G N, A; = 1, . . . , Kn} he a rowwise i.i.d. array of 
random elements in G such that Kn — > 00 and 

P{Xn,k = Xn) = P{Xn,k = -Xn) = \. 

Then the array {X„ ^ : n G N, A; = 1, . . . , Kn} is infinitesimal. 
If 4! is a quadratic form on G then 

^X„,fe 7^ Kn{l - Rex(a;n)) ^ for all x^G. 

k=l 

If G is compact then 

^Xn,k — 'i^G Kn{l -Rex{xn)) ^ 00 for all x^G\{1g}. 

k=l 



Note that in Theorem 14.41 the expression 1 — Rex(x„) can be replaced in both places 
by \g{xn, xY: where g is an arbitrary local inner product for G (see the proof of (14. 3p 
and the inequalities in (12. 3p ). 



16 



5 Limit theorem for Bernoulli arrays 



In the following limit theorem the limit measure can be the normalized Haar measure on an 
arbitrary compact subgroup of G generated by a single element. 

5.1 Theorem. (Limit theorem for rowwise i.i.d. Bernoulli array) Let x G G such 
that X ^ e. Let {Xn,k : n & N, k = l,...,Kn} be a rowwise i.i.d. array of random 
elements in G such that Kn — * oo, 

P(X„,fc = X) = Pn, P(X„_fc = e) = 1 - pn, 

and Pn ^ 0- Then the array {X„^fc : n & N, k = 1, . . . , Kn} is infinitesimal. 
If X is a nonnegative real number then 



k=l 

If the smallest closed subgroup H of G containing x is compact then 



^Xn,k UJh KnPn ^ OO. 

k=l 



Proof. First we suppose KnPn — ^ A and show convergence '^j.2i^n,k — ^ e(A5a;). We 
need to prove 

Exff^X^^ ^ (e(A<5,)r(x) for all x^G. (5.1) 
^ k=i ' 

We have (e(A(5^))lx) = e^(>^(^)-^) and 

E X ( E ^-^) = + 1 - Pn)^" = (l + ^!i^!iM^l^^ . (5.2) 



If {^Zn : n G N} is a sequence of complex numbers such that 2;„ ^ 2; G C then (l + - 
e^. Consequently, K^Pn — * A and Kn 00 imply (15.11) . 

Next we suppose KnPn — ^ 00 and show that J2k=i ■^n,k — ^ ^h- We need to prove 



^ k=i ^ 



According to Hewitt and Ross [5] Remarks 23.24], {x}^ = if-*", and thus by (12. ip we are 
left to check 

\ fi if {x}^, , , 

\ ^^-^ / [0 otherwise. 
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If X G {x}-*- then = 1, hence 



^ k=i ' 



{PnX{x) + 1-Pn) 



and we obtain (15.3p . To handle the case x ^ i^}'^: consider the equahty 

(K„ \ 
= \pnx{x) + 1 - pnf" = {^{1 + PniRexix) - 1)Y + pl{lmx{x)) 
k=l ' 

A'„p„(2(Rex(a;) - 1) - x{x 
1 + ^ 



n 




Clearly x^{x]^ implies xl^^) 7^ 1; and by = 1 we get Rex(a^) — 1<0. Hence, 

by Lemma l473l we conclude that KnPn — ^ oo, Kn oo and — ^ imply (15.3p . 

Now we suppose Yl,k=i-^ri,k — ^ ^{^^x) and derive K^Pn A. If K^Pn -h ^ then 
either there exists a subsequence (n') such that Kn'Pn'^oo, or there exist subsequences 
(n") and (n'") and two distinct nonnegative real numbers A" and A'" such that Kn" Pn" 
A" and Kn"i Pn'" A'". In the first case we would obtain X]fc=i"^n',fe — * ^h, which 
contradicts to X]fc=i -^n,k — ^ e(A5a;)- In the second case we would obtain X]fc=i ^n",k — »■ 
e(A"5^) and J2k=i -^n"',k -—^ e(A'"5^) which again contradicts to J2k=i-^ri,k -—>■ ^i^^x)- 

Finally we suppose '^k=i-^ri,k — ^ ^^h and prove KnPn oo. If KnPn -h ^ then 
there exists a subsequence (n') and a nonnegative real number A' such that Kn> Pn' A'. 
Then we would obtain J2k=i ^n',k e(A'5a;), which contradicts to XIa^i -^n^k ^h- ^ 



6 Limit theorems on the torus 

The set T := {e'^ : — vr ^ x < tt} equipped with the usual multiplication of complex numbers 
is a compact Abelian Tg-topological group having a countable basis of its topology. This is 
called the 1-dimensional torus group. Its character group is T = {xt : i E Z}, where 

xe{y) ■■= y\ 1/ e T, £ g z. 

Hence T can be identified with the additive group of integers Z. The compact subgroups 
of T are 

iJ, :={e2-i/-:j = 0,l,...,r-l}, r G N, 

and T itself. 

The set of all quadratic forms on T = Z is q+ (T) = {V^b : 6 G M+}, where 

^b(x^) := ^ e Z, 6 G M+. 
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Let us define the functions arg : T [— tt, 7r[ and /i : R — > M by 

arg(e") := x, — tt ^ x < tt, 

if X < — TT or X ^ TT, 



/;,(x) 



— X — TT if — 7r^x<— 7r/2, 
X if -7r/2 ^ X < 7r/2, 

^— x + vr if 7r/2^x<7r. 



An extended real-valued measure 77 on T is a Levy measure if and only if //({e}) = 
and fj{aj:gy)^dri{y) < 00. The function (7^ : T x T — ^ M, defined as 

is a local inner product for T. 

Theorem 13.11 has the following consequence on the torus. 

6.1 Theorem. (Gauss— Poisson limit theorem) Let {X„ ^ : n G N, k = 1, . . . , Kn} 

be a rowwise independent array of random elements in T. Suppose that there exists a 
quadruplet ({e}, a, ■j/'fe, 77) G V{T) such that 

(i) max P(| arg(X„fc)l > ^ as n ^ 00 for all e > 0, 



(ii) exp <{ i ^ E h{aig{Xn,k)) 

k=l 



a as n ^ 00, 



(Hi) y ^ Var/j-(arg(X„fc)) — » + / (/i(arg?/)) (\.r]{y) as n—^00, 



k=l 



(iv) V'E/(X„,fc)-* / /d?7 as n ^ cx) /or a// / G Co(T). 
r/ien t/ie array {X„ ^ : n G N, /c = 1, . . . , zs infinitesimal and 

K„ 

-'^n.fc — ^ * 7^-6 * 7r^,ST as n cx). 

fc=i 

If the limit measure has no generalized Poisson factor vr^^ then the truncation function 
h can be omitted. 

6.2 Theorem. (CLT) Let {X„ ^ : n G N, A; = 1, . . . , &e a rowwise independent array 
of random elements in T. Suppose that there exist an element a G T and a nonnegative 
real number b such that 



K„ 



(i) exp <^ z ^ E arg(X„,fc) 



fe=i 



a as n 00, 
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(li) Var axg{Xn,k) 



h as n ^ oo, 



k=l 



(in) P(| arg(X„ > e) — > as n — >• oo for all e > 0. 



k=l 



Then the array {X^.k '■ n & N, k = 1, . . . , Kn} is infinitesimal and 



K„ 



Xn,k * 7^6 as ^ OO. 



k=l 



Proof. In view of Theorem 16.11 and Remark 13. 5t it is enough to check 



a as n — >• oo, 



(i') exp <! i ^ E h{aig{Xn,k)) 

I k=l 

(ii') y^ Var /j.(arg(Xn^fc)) — » b as n — >• oo, 

k=l 

(iii') ^P(| arg(X„_jt)| > e) — > as n — > oo for all e > 0. 



k=l 



Clearly (iii') and assumption (iii) are identical. In order to prove (i') it is sufficient to show 



^E/i(arg(X„,fe)) - arg(X„,fc) ^ 0, 



k=l 



k=l 



since \e'y^ - e^^^j = \Qi{yi-y2) _ i| ^ _ for all yi,y2 E R. We have \h{y) - 
yl ^ 7rl[_^_^/2]u[7r/2,7r](y) for all ?/G[-7r,7r], hence 



J2 E /i(arg(X„,fc)) - ^ E arg(X 

k=l k=l 



n,k , 



^7r^P(|arg(X„,fe)| ^7r/2) ^0 



k=l 



by condition (iii). In order to check (ii') it is enough to prove 

^ Var/i(arg(X„_fc)) - ^ Var arg(X„,fc) 0. 

k=l k=l 



We have 



^ Var/i(arg(X„,fc)) - ^ Var arg(X„,fc) 



fc=i 

K„ 



k=l 
, 2 



K„ 



^ ^E (;i(arg(X„,fc)))' - (arg(X„„fc))2 + ^ (E /i(arg(X„,,)))' - (E arg(X„,fe))^ 



k=l 



k=l 



K„ 



^ 27r' ^ P( I arg(X„,fc) | ^ n/2) ^ 0, 



k=l 
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as desired. □ 
Theorem 14.41 has the following consequence on the torus. 

6.3 Theorem. (Limit theorem for rowwise i.i.d. Rademacher array) Let Xn G T, 

n E N such that x„ e. Let {Xn,k : n E N, k = 1, . . . , Kn} be a rowwise i.i.d. array of 
random elements in T such that —>■ oo and 

Then the array {Xn± : n E N, k = 1, . . . , Kn} is infinitesimal. 
If b is a nonnegative real number then 



^X„,fc — > 7^^ <^=4> KniargXnf b. 



V 

k=l 

Moreover, 



OO. 



k=l 



7 Limit theorems on the group of 2^— adic integers 

Let p be a prime. The group of p-adic integers is 

Ap := {{xo,Xi, . . .) : Xj E {0,1, . . . ,p - 1} for all j E Z+], 
where the sum z := x + y E Ap for x,y E Ap is uniquely determined by the relationships 

d d 

Zjp' = ^^(xj + yj)p' mod p'^'^^ for all d E Z+. 

j=0 j=0 

For each r E Z+, let Ar := {x E Ap : Xj = for all j ^ r — 1}. The family of sets 
{x + Ar : X E Ap, r E 1^+} is an open subbasis for a topology on Ap under which Ap is a 
compact, totally disconnected Abelian Tg-topological group having a countable basis of its 
topology. Its character group is Ap = {xd,i '■ d E Z+, i = 0,1, . . . ,p'^^^ — 1}, where 

^^^^(^^y- Q2nie(xo+px^+-+p'^x,)/p'^+^ ^ xeAp, dEZ+, i = 0,1, . . . ,p'^+^ - 1. 

The compact subgroups of Ap are A^, r G Z_|_ (see Hewitt and Ross Example 10.16 
(a)]). 

An extended real- valued measure r] on Ap is a Levy measure if and only if ?7({e}) = 
and 77(Ap \ A^) < oo for all r E Z_|_. 

Since the group Ap is totally disconnected, the only quadratic form on Ap is = 0, 
and the function g/^^ : Ap x Ap M, g^^ = is a local inner product for Ap. 

Theorem 13.11 has the following consequence on the group Ap of p-adic integers. 
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7.1 Theorem. (Poisson limit theorem) Let {Xn,k : n & N, k = 1, . . . ,Kn} be a row- 
wise independent array of random elements in Ap. Suppose that there exists a Levy measure 
rj G IL(Ap) such that 

(i) max P( ((X„_fc)o, . . . , 7^ 0) ^ as n ^ oo for all deZ+, 

(li) ^P((X„,fe)o = 4, . . . , (X„,fc)d = £d) ri{{x G Ap : xo = 1^,...,%^ = id}) as 

k=l 

n ^ OO for all d G Z+, Eq, . . . , & {0, ■ ■ ■ ,P — ^} with (£o, • • • , ^d) 7^ 0. 
Then the array {Xn.k : n G N, = 1, . . . , Kn} is infinitesimal and 



V 



'v,gA, «s oo. 



k=l 



For the proof of Theorem 17.11 we use the foUowing lemma. 

7.2 Lemma. Let {rjn '■ n G Z+} be extended real-valued measures on Ap such that 
rjn{Ap \ Aj.) < oo for all n,r & Z+. Then the following statements are equivalent: 

(a) rin{x + Ar) ^ r]o{x + Ar) as n ^ oo for all r G N, x G Ap \ A^, 

(b) / fdr]n^ fdrjo as n-^oo for all / G Co(Ap). 

JAr, J A„ 



Proof. By Theorem 13. 4[ (b) is equivalent to 

(b') Vn\Ap\u ^ Vo\ap\u as n ^ oo for aU U e Me with ?7o(9f/) = 0. 

Obviously, if ?7n|Ap\i/ Vo\ap\u holds for some U G Ne with rjo^dU) = then 
Vn\Ap\v ~* '7o|ap\v holds for all V G Afe with V D U and rio{dV) = 0. Since 
{Ar : r G N} is an open neighbourhood basis of e and dAr = for all r G Z+, (b') is 
equivalent to 

(b") r?n|Aj,\A, ^?o|ap\a, as n ^ oo for aU r G N. 

For distinct elements x,y E Ap, let g{x,y) be the number 2"™, where m is the least 
nonnegative integer for which Xm y-m- For all x G Ap, let q{x, x) := 0. Then q is an 
invariant metric on Ap compatible with the topology of Ap (see Theorem 10.5 in Hewitt 
and Ross |5j). Let d{x,y) := J2T=o'^~'''^{^kj^yk} 2;, y G Ap. Then is a metric on 

Ap equivalent to g, since g{x,y) ^ d{x,y) ^ 2g{x,y) for all x,y E Ap. Hence the original 
topology of Ap and the topology on Ap induced by the metric d coincide. Then weak 
convergence of bounded measures on the locally compact group Ap can be considered as 
weak convergence of bounded measures on the metric space Ap equipped with the metric 
d. 
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We show that the set M := {I^+a^ : c G N, x G Ap} is convergence determining for the 
weak convergence of probabihty measures on Ap. For this one can check that Proposition 
4.6 in Ethier and Kurtz [3| is apphcable with the following choices: S := Ap equipped with 
the metric d, Sk is the set {0, 1, ... ,p — 1} for all k E N, dk is the discrete metric on 
Sk, k eN, and 

{X if X = 
if X 7^ Cfe, 

For checking we note that for each c G N and x G Ap, the function I^^+Ac is bounded 
and continuous, since the set x + Ac is open and closed. Moreover, for each k E N, Sk 
with the metric dk is a complete separable metric space. 

It is easy to check that M is also a convergence determining set for the weak convergence 
of bounded measures on Ap. Consequently, (b") is equivalent to 

(b'") / la;+A,d?7„|Ap\A, ^ / Ix+A, d?7o|Ap\A. as n^oo for all x G Ap, c, r G N. 

JAp JAp 

Clearly, this is equivalent to 

(b"") r7„((x + Ac) n (Ap\Ar)) r7o((x + Ac) n (Ap\ A^)) as n ^ oo for all x G Ap and 
for all c, r G N. 

We have 

Ac \ Aj. if r ^ c and x G Ac, 
(x + Ac) n (Ap \ A^) = <( if r < c and X G A^, 

X + Ac otherwise. 

If r ^ c then Ac\ A^ can be written as a union of p^~^ — 1 disjoint sets of the form y + 
with y G Ac\ Ar. Consequently, (b"") and (a) are equivalent. □ 

Proof. (Proof of Theorem \7.1\ ) The local mean of any random element with values in Ap 
is e (with respect to the local inner product gAp = 0). Moreover, for each U E Afe, there 
exists r G Z+ such that A^ C U. Hence, in view of Theorem 13. ![ it is enough to check 
that 



(i') max F{Xn,k ^ \ ^r) ^0 as n — >• oo for all r G Z+, 
(ii') ^E/(X„,fc)-> / /d?7 as n^oo for all / G Co(Ap). 

I 1 ^Ar, 



Clearly {x G Ap : (xq, Xi, . . . , x^) 7^ 0} = Ap \ A^+i, hence (i') and (i) are identical. 
Applying Lemma \T7]\ for r]^ '■= Px„ and r/o '■= '^^ conclude that (ii") and (ii) 

are equivalent. □ 
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7.3 Remark. Theorem 14.41 has the following consequence on Ap. If Xn G Ap, n G N 
such that Xn —>■ e, and {Xn^k : n ^ N, k = 1, . . . , Kn} is a rowwise i.i.d. array of random 
elements in Ap such that Kn oo and P{Xn^k = ^n) = P{Xn^k = —^n) = ^, then the 
array {Xn,k : n G N, k = 1, . . . , Kn} is infinitesimal and J2k=i ^"■,k — ^ Se- 

8 Limit theorems on the j?— adic solenoid 

Let p be a prime. The p-adic solenoid is a subgroup of T°°, namely, 

Sp = {{yo,yi,...)eT'^:y,=y^_,, for all j G Z+}. 

This is a compact Abelian To-topological group having a countable basis of its topology. 
Its character group is Sp = {xd,£ '■ d G Z+, i G Z}, where 

Xd/iy) ■= Vd^ y ^ Sp, G z+, i e z. 

The set of all quadratic forms on Sp is q+ {Sp) ={^b:be M+}, where 

Mxd,i):=^, dez+, iez, 6gM+. 

An extended real- valued measure rj on Sp is a Levy measure if and only if ^^({e}) = and 
fg {aYgyoY dri{y) < oo. The function gs^ : Sp x Sp ^ M., 

ihjaTgyo) 

9Sp[y, Xd,e) ■■= 2 ' y ^ Sp, d G Z+, £ G Z, 

pa 

is a local inner product for Sp. 

Theorem 13.11 has the following consequence on the p-adic solenoid Sp. 

8.1 Theorem. (Gauss— Poisson limit theorem) Let {X„ fc : n G N, /c = 1, . . . , Kn} 

be a rowwise independent array of random elements in Sp. Suppose that there exists a 
quadruplet {{e},a,ipb,ri) E V{Sp) such that 

(i) max P(3j ^ (i : | arg((X„ > £:) ^ as n ^ oo for all d G Z+, e > 0, 

l!^k^K„ 

■ K„ 



(a) exp \ — E h{a.Tg{{Xn,k)o)) \ —>■ o-d as n ^ oo for all d G Z 
k=i J 

(iii) ^Var/i(arg((X„,fe)o)) 6+ / h{aig{yQ)f ([ri{y) as n^oo, 

7 1 J Sn 



k=l 

K. 



(iv) ^E/(X„,fc)-^ / /di] as n^oo for all f e Co{Sp 
k=i -^^p 
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Then the array {Xn,k '■ n ^ N, k = 1, . . . , Kn} is infinitesimal and 



k=l 



If the limit measure has no generahzed Poisson factor vr^^ then the truncation function 
h can be omitted. The proof can be carried out as in case of Theorem I6.2[ 

8.2 Theorem. (CLT) Let {Xn^j. '■ n & N, k = 1, . . . , Kn} be a rowwise independent array 
of random elements in Sp. Suppose that there exist an element a & Sp and a nonnegative 
real number b such that 

■ Kn 

I 



(z) exp<—y^E arg((X„ fc)o) > ctd as n ^ oo for all d G Z+, 

(a) ^ Var arg((X„,fc)o) ^ & as n -> oo, 
fc=i 

K„ 

(Hi) ^^P(3j ^ (i : I arg((X„fc)j)| > e) as n — >• oo for all d G Z_|_, e > 0. 

A;=l 

Then the array {Xn^k : n G N, = 1, . . . , K^} is infinitesimal and 

Kn 



k=l 



Theorem 14.41 has the following consequence on Sp. 

8.3 Theorem. (Limit theorem for rowwise i.i.d. Rademacher array) Let x*^"^ G Sp, 
G N such that a;*-"-* — > e. Let {Xn,k : G N, A; = 1, . . . , K^} be a rowwise i.i.d. array of 
random elements in Sp such that Kn oo and 

P(X„,, = = P(X„,, = = i. 

Then the array {Xn,k : n G N, A; = 1, . . . , Kn] is infinitesimal. 
If b is a nonnegative real number then 

Kn 



k=l 

Moreover, 

Kn 

^n,k 

k=l 



^Xn,k — ^1^, <^ K„(arg(x[,"0) 



^Xn,k uJSp /C„(arg(a;o"^))^ oo. 
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